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The integral equation theory is one of mathematical analysis's most
important and useful branches. Integral equations occur in a variety of
applications, often being obtained from a differential equation, the
reason for doing this is that it may make a solution to the problem
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1. INTRODUCTION

The subject of nonlinear integral equations is considered an important branch of mathematics because it is used for
solving many problems such as physics, and chemistry ( Cancés and B.Mennucci,1998). In this paper, we will use the
technique of measures of non-compactness and Darbo fixed point theory to prove the existence theorem for a nonlinear
integral equation in the spaces L' (R,). Also, as applications we discuss the existence of solutions for some non-linear
integral equations with fractional order, which extends to some previous results in the literature ( J.Banas and W. G. El-
Sayed,1980).
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2- Notation and auxiliary facts
Let R be the field of real numbers, R, be the interval [0,00) and L}, be the space of lebsgue integrable functions on a
measurable subset [0,00) of R, with the standard norm.

2y = J5°1x(O)] dt

One of the most important operator studied in nonlinear functional analysis is the so-called superposition operator (
Adam loverro,2004) .
Assume that a function f(t,x) = f: R, X R = R satisfies Carathéodory conditions i.e. it is measurable in t for
any x € R and continuous in x for almost all t € [0, o).
Then to every function x(t) being measurable on I we may assign the function

(Fx)(@®) = f(t,x(t)), t € [0,).
the operator F in such a way is called the superposition operator generated by the function f.
We have the following theorem due to Appell and Zabrejko ( Adam Loverro,2004).

Theorem 2.1:
The superposition operator F generated by the function f maps continuously the space L into L'if and only if
|f(t,x)| < a;(t)+blx|] Vi€eIandx € R where a(t) € L' andb = 0.
Next, we will mention a desired theorem concerning the compactness in measure of a subset X Of L'(R,) (Banas$ and
W. G. El-Sayed, 1993).

Theorem 2.2:
Let X be an abounded sub-set of L1(0, ] consisting of functions which are almost everywhere nondecreasing (or
nonincreasing) on the interval [0,00). Then X is compact in measure.
Furthermore, we recall a few facts about the convolution operator (Rudin, W.,1966) .
Letk € L;(R) be a given function. Then for any function x € L,, the integral
Kx)() = [, k(t— s)x(s)ds,

exists for almost every t € R,. Moreover, the function (Kx)(t) belongs to the space L;. Thus K is a linear operator
which maps the space L, into L; and K is also bounded since

KL, r) < KL, ryLI(R)|x||, for every x € Ly; so, it will be continuous.

Hence the norm ||K|| of the convolution operator is majored by [[K ||y, (z)-
In the sequel, we have the following theorem due to (Krzyz, 1952).

Theorem 2.3:
Assume that k(t,s) = k: R2 > R is measurable on R, such that the integral operator,
(Kx)(®) = foook(t, sS)x(s)ds, t=0,
maps L! into itself the K transforms the set of nonincreasing functions from L! into itself if and only if for any A > 0,
the following implication is true.
t, <t, - f:k (ty,s)ds = fOAk (ty, s)ds.
In the case of space L' (0,1) we will use the following corollary

Corollary 2.1:
Let k;:(0,1)2 >R, be a measurable function generated by the Fred-Holm operator K acting from
L(0,1)into L*1(0,1), if for every p € (0,1)and for all ¢;,t, € (0,1) the implication holds,
ty <ty > [V ki (ty,8)ds = [} k; (t,5)ds.
Finally, we give a short note on measures of noncompactness and fixed point theorem.
Let E be an arbitrary Banach space with ||. || and the zero element 6.
Let also X be a nonempty and bounded subset of E and B, be a closed ball in E centered at 8and radius r.
The Hausdorff measure of noncompactness y(X) (Banas, J. and Goebel, K.,1980)is defined as
x(X) = inf {r > 0:there exists a finite subset Y of E suchthatx c Y + B,}.
Another measure was defined in the space L, (Banas and W. G. El-Sayed, 1980), for any € > 0, let

c(X) = limg_o{sup,ex{sup [fD |x(t)|dt,D c R,, meas (D) < s]}},
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and
diX) = Tli_}rr.}o{sup[f:olx(t)ldt,x € X}

Where meas D denotes the Lebesgue measure of sub set D.
put
y(X) = c(X) +d(X).
Then we have the following theorem (Banas and W. G. El-Sayed, 1980),which connects between the two measures

x(X) and y (X).

Theorem 2.4:
Let X be a nonempty, bounded and compact in-measure sub set of L!(R.), then

X)) <yX) < 2x(X) .
In the case of space L*(0,1) we have the following theorems (Bana$ and W. G. El-Sayed, 1980).

Theorem 2.5:

Let X be abounded subset of L1(0,1) and suppose that there is a family of measurable subset {Q }o<c<meq > Of the
interval I such that measQ, = ¢ for evrey ¢ € [0,meas I|

And for every x € X: cx(t;) < x(t,), (t; € Q. t, € Q)

Then the set X is compact in measure.

Theorem 2.6:
Let X be an arbitrary non-empty and bounded subset of L!(0,1).If X is compact in measure then S(x) = y (X).
As an application of measures of noncompactness, we recall the fixed point theorem due to( Darbo, G.,1955).

Theorem 2.7:

Let Q be a non-empty, bounded, closed and convex subset of E and let A: Q = Q be a continuous transformation which
is a contraction with respect to the measure of non-compactness, i.e there exist k € [0,1)

such that u(A(X) < ku(X) for any nonempty subset X of, then A has at least one fixed pointQ.

3-Existence of at least a solution for a nonlinear integral equation on L1[0, 1]
Now we will discuss the solvability for the following nonlinear integral equation

x(t) =g(t) + fol ky(t, s)fi(s, fOS ko (s, D) fo(z, x())dr)ds, t €[0,1] (3.1)
in the space L1[0, 1].
We shall treat equation (3.1) under the following assumptions which are listed below:
(i g € L1[0, 1] and almost everywhere positive and nonincreasing in L1[0, 1].
(i) fi:[0,1] X R = R ,i = 1,2 are nonincreasing functions on R, with respect to t and x , satisfy carathéodory
conditions, there are two functions a; € L'(R,) and two Constants b; > 0, such that:
Ifi(t,x) | < a;(t) + b;|x|, forallt € R,,x € Rand f;(t,x) =0,Vx =0, i =1,2
(iii) k;[:[0,1] X,— R,i = 1,2, are measurable with respect to t and s and K;: L' — L!
is bounded with norm ||K||,
Also, VA > 0 and for all ¢4,t, € [0,1], we have :
t <t, - fOA ki(ty,s)ds = f: ki(t,, s)ds i=12
(iv)  bib, |l IIIK |l < 1.
Then we can prove the following theorem

Theorem 3.1:
Let the assumptions (i) —(iv) be satisfied, then the equation (3.1) has at least one solution ,x € L'[0,1] being almost
everywhere non increasing on[0,1].
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Proof
Consider the operator H:

Hx(t) = g(O) + [, ky(t, )i (s, [} ko (s, D) fo(T,2(1))dT)ds
The equation (3.1) takes the form
x(t) = Hx(t)
First, let x € L[0,1]
Then using our assumption (i)—(iii), we have
[Hx(O)] < 19O + [, ke (&, )£ (s, [ o (s, D f(r,x(0))do)| ds
Sy 1Hx(@©)] dt < [Igl] + |IKyFy K Fox]|

< ||g|| + ||K1||||K1F1K2F2x||
< llgl] + 1K 1| J, 1AiGs. Jy o (s, Dot x(0))ds)] dt
< lgl] + 1K || f}Tas () + bl f; ko (s, 0 f (£, x(0))ds]] dt
< [lgl] + 1K |Tllayll + by f; J, lez(s, )5 (8, x(8)) ds 1de
< |igl| + |1l [asll + by 1K1 f; [az(6) + b lx()]]] at
< lgl| + (1K | [llasll + by 1K1 [llaz ]| + by |1xI]]] de > (1)

From the last estimate, the space L! into itself using theorem (2.1)
Moreover, using the estimate (1), we see that the operator H transforms the ball B, into itself, where:

r= [lg1]+]IK 1| [llagll+by|IKy||[IK21]||az]
1-b1by||K1 |||z ||
Let Q,be subset of B, consisting of all functions being almost everywhere positive and non-increasing on [0,1].
Note that Q, is a non-empty, bounded, closed, convex subset of L![0,1].
Moreover, given theorem (2.2) the set Q, is compact in measure.
Next, by taking x € Q,,

Then x(t) is almost everywhere positive and non-decreasing on R, ,and consequently K;x(t) is also of the same type (in

virtue of the assumption (iii) and theorem (2.3)
Further, the assumption (ii) permits us to deduce that,
Hx(t) = g(t) + K1 F, K, Fox (o),

Is almost everywhere positive and non-decreasing on [0,1], this fact together with assertion H: B, — B,, gives that self-

mapping of the set Q,,since the

Operator K is continuous and F is continuous in view theorem (2.1), we conclude that H maps continuously @, into

Qr-

Finally, assume that X is non-empty subset of Q, and € > 0 is fixed, then for an arbitrary x € X and for a set D C

[0,1], meas D < e, we obtain

[ 1@l dt = [ |g(6) + [ k(6 ), J; ke (s, D1 (1, %(2)dr) | dsd

< J, lg@ldt + [ [y ky(t, (S, Jy ka(s, D) (1, 2())dr)ds | dt

<, lg@ldt + [ [} 1ky(t:5) |[ar(s) + bi| [} ka5, Do (2, 2(0)) dr[1dsat
<lgll1py + Jp Jo Mer @91 [ () + by f 1z (5, D] [a(D) + by () [1deds]de

< ||9||L1(D) + ”K1”D||a1||L1(D) + b1||K1||D||K2||D||a2||L1(D) + bib, || K1 lIp K2l p fD lx(s)| ds
Where, K: L1(D) — L*(D), as simple consequently, we get

[ 1D ©1dt < [Igl] 1, + 1Kl lasl]s ) + BallKallp 1Ko llplal 1 ) + BrbollKa ol Il ) 1(s) s
The last in quantity gives,

lim{sup[J,, g(®)ldt + Kyl [, lay ()]dt + by| Ky || |1, f, 1az(©)]dt: D < [0,1], meas D < €]} = 0
Then B(HX) < byb, 1K ||| 1K 1|8CX) ®)
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Further, more fixing T > 0 we arrive at the following estimate
f |Hx(t)|dt < f lg®ldt + ||K1||f la; (D)ldt + by lIKylIplIKzlIp fT lay (O] dt + by b, 1K |l 1Kl p fT lx()|dt
Since lim T = oo, the above in quality gives

T—oo
d(HX) < byby 1Ky |1, 3)
Hence, by combining (2) and (3) we get
Y(HX) < byby [ 1Ky ||| 1Ko | [y (X)
Where y denotes the measure of non-compactness since Q,.is compact in measure, then by using theorem (2.4).
The last inequality together with the assumption (iv), enables us to apply theorem (2.7), Which proves the existence of a
fixed point for the operator H in Q,.. [

4. Results

4-existence of at least a solution for the nonlinear integral equations with fractional order:
In this section, we will discuss solvability for the following nonlinear integral equation with fractional order in L*[0,1]

x(0) = g0 + [} S fis IS“FZD f(nx@)dn)ds, te[0l] (41

We shall treat equation (4.1) under the following assumptions which are listed below:

(i) g € L'[0,1],and almost everywhere positive and non-decreasing in L'[0,1].
(i) f; [0,1]:X R = R,i = 1,2, are non-decreasing functions on [0,1] concerning t and x
Satisfy Carathéodory conditions, there are two functions a; € L' [0,1] and two constants b; = 0 such that:
Ifi(t, )] < a;(t) + b;|x]|, forall t € [0,1],x € Rand f;(t,x) =0,Vx =0,i =1,2
(iii) k:[0,1] X [0,1] = R, is measurable concerning t and s and K: L' — L! is bounded by the norm ||K| |
Also, VA > 0 and for all t,t, € R,, we have
t, <t, > f:(tl —5)%tds > f:(tz —s)Plds
. byb
(iv) I‘(tx+11)F§B+1)
Then we can prove the following theorem,

Theorem 4.1:

Let the assumptions (i)-(iv) be satisfied, then the equation (4.1) has at least one solution, x € L'[0,1]being almost
everywhere non-decreasing on [0,1].

Proof

Consider the operator H:

Hx(®) = g(0) + [y S fi(s, [ & FZ;) f(rx(@)dr)ds, te[01]
Where 0< a <land0<pg <1

Then the equation (4.1) takes the form

x(t) = Hx(t)
First, let x € L*[0,1]
Then using our assumption (i)- (iii) we have,

Hx(O)] < 1g(O1+ [} |27 £, (s, L2 o (v, x(r))dr)|ds

I'(a) r'(B)
[Hx(©lde < [Hlg@lde + [} [{ 1552 1 s, [ S22 £ (1, 1(0))do)ldsdt
< |lg@| +fs S TS s, 52 £y (v x(@)do)ldeds
< |lgl| + somﬂ) 1fals, J; 22 (5,x(0)do)ds
< lgh + 5 I KR |
<|igl| + F(Mf [0,(5) + byl [} S22 o, x(@))do)]ds
< llgl + g ol + 1y ﬁ“;z;‘;'lfz(r x(0)Idr]ds

< llgll+ gy sl + by s [y 02D + bolx(@de]

< lgl] + g [l 1| + s [lazll + b 1] - (1)
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From the last estimate, we deduce that the operator H maps continuously, the space L! into itself using theorem (2.1).
Moreover, using the estimate (1). we see that the operator H transforms the ball B, into itself where :

1 b
1911+ Frarptllan i+ meggllaall

(-rartm)

Let Q,-be subset of B, consisting of all functions being almost everywhere positive and non-increasing on R,.

Note that @, is a non-empty, bounded , closed, convex subset of L*[0,1].

Moreover, in view of Theorem (2.2) the set Q, is compact in measure.

Next, by taking x € Q,, then x(t) is almost everywhere positive and non-increasing on L[0,1].and consequently
Kx(t) is also of the same type (in virtue of the assumption (iii) and theorem (2.3) ).

Further, the assumption (ii) permits us to deduce that:

Hx(t) = g(t) + FiKF,x(t)
Is also almost everywhere positive and non-decreasing on R, this fact together with assertion, H:B, — B, gives that

self—mapping of the set Q.
Since the operator K is continuous and F is continuous in view theorem (2.1), we conclude that H mapps continuous Q,

into Q, .
Note, that:
_ (t_s)a—l
Kl(t' S) - ()
ot (t=s)%7t
Kix(t) = |, @ x(s)ds

(f—S)a_l

Kl = [, S5 - ||x(s)|dsdt

1 1
= -fs=0 jt:s

(t_s)a—l |
I'(a)

t— a-1
¢ ;(31) | Ix(s)|dtds

Let J:f::s

_rt (t-5)*1
t-s=0| TI(a)

Then

d(t—s)=1

1
I'(a+1)

|IKyxl| = [} 1x(s) ds

llxIl
I'(a+1)

||K1||=

su
X * 0—”“|| =1

Y€k [l

Also, we can note that

(s-1)f1
INC5))

s (s—7)B-1
Kex(®) = |y 5

KZ(S’ T) =

x(1)dt

(s-7)f1
r'B)

1K x| = f::o fst:T | |x(t)|drdsThen

1
(IKoxl] = 5 osplx(@l de
[l
1K2xl| = 50
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Then

el = s
Finally, assume that X is no-empty subset of Q, and € > 0 is fixed, then for an arbitrary x € X and for a set D C

[0,1], meas D < €, we obtain

Jy 1EO®1de = [, |90 + f; L2 (s, 5 S22 (1,2(0)do)| dse

< Jy lg@lde+ [, [[F S22 f s, [F 2 £y (o x(@) dryds| e

(l’—S)a_l
I'(a)

_7)B-1
Jy 52— o, x(0) dr [l deds

| [a1(s) + b,

<[ lg®lde+ [ fL

<lgll, + g llaall + m@fl) [a2(2) + bylx(D)]]d1]

1 babs
s ||g||D t i@ llaal| + r(a+1)r(s+1) llaz | + [(a+D)C(B+1) Jp Ix(@ld 7

Where K: L}(D) — L*(D), as simple consequently, we get

_r b 4 Dbiba
fD l(Hx)(t)l dt < ||‘g||L1(D) + I'(a+1) ||al”Ll(D) F(a+1)F(B+1) || 2||L1(D) F(a+1)I(B+1) fD |x(‘L’)|dT

The above in quantity gives

J, la@®ldt + J,, laz(®)ldt: D < [0,1], meas D < €]} =0

lim{sup(/,, |g(t)ldt +

I'la +1) F(OL+1)F(B+1)

Then B(Hx(t)) < —222B(X) - (2)

I(a+1)C(B+1)

Where f denotes the measure of non-compactness since Q,-is compact in measure, then by using theorem (2.4).
We can write the last inequality in the form

b1by
X(Hx(0) < co e XKD

The last inequality together with the assumption (iv), enables us to apply theorem (2.7), Which proves the existence of a
fixed point for the operator H in Q,.. [

In the same way, we will discuss solvability for the following linear integral equation with

fractional order on the space L'(0,1).

x(t) = g(t) + ft(t S) fl(s f k(s,Dfo(t,x(x))dr)ds, te[01] 4.2)

We shall treat equation (4.2) under the following assumptions which are listed below:
(i) g € L'(0,1), and almost everywhere positive and non-decreasing in (0,1),

(i) f;:(0,1) X R = R,i = 1,2, are non-decreasing functions on (0,1) concerning t and
x satisfy Carathéodory conditions, there are two functions a; € L(0,1) and two constants
b; = 0 such that:
Ifi(t,x)| < a;(t) + b;|x]|, forall t € (0,1),x € R and f;(t,x) =0,Vx >0,i =12
(iii) k:(0,1) x (0,1) » R,, is measurable concerning t and s and K: L* - L.
(From assumption (iii), we see that K is continuous and so it is bounded by norm ||K | |).
Also, VA > 0 and for all t;,t, € (0,1), we have

ty <ty > f:(tl —5)*1ds > f:(tz —5)*1ds

b1by|IK|| <1

I(a+1)

(iv)
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Then we can prove the following theorem,

Theorem 4.1:
Let the assumptions (i)-(iv) are satisfied, then the equation (4.1) has at least one solution, x € L1(0,1) being almost
everywhere non-decreasing on (0,1).

Proof
Consider the operator H:

Hx(®) = 9O + [} EXZ (s, [k (s, Dfy (. x(@)dr) ds, ¢ € [01]

I'(a)
Whereo <a <1

Then the equation (4.2) takes the form

x(t) = Hx(t)
First, let x € L'[0,1]
Then using our assumption (i) (iii) we have,

Hx(O] < 19O+ f; S22 £,(5, f§ k(s Do (5,x(D)dr) | ds

I'(a)
JHx(©lde < [J1gOldt + [} [{ 19552 £,(s, [§ ks, Df (5, x(0)do) dsdt
< g + [y [ 1S 1, kG, (7. x(0) do)deds

< 1gl] + 1, 1522 5911 (s, [Pk (s, D fy (7, x(0))do) | ds

0 I(a+1) T(a+1)

<lgl] + L, A (s, ff ks, D fo(n x(@))dD) ds

oTr(a+1)

<191l + fiy rrazp Vi (s Jy k(s Df (0. x(D)dD) | ds
< g1l + ey o Vs, i k(s Df(nx(x)dD)lds
<

llgl| +ﬁnnmn

<|lgll + mm) [31a1(8) + by [} k(s, D) fo(x,x(0))|dD)]ds
< |lgl| + === llasl| + by f; [ lk(s, 0 f (7, x(0)) 1d7]ds
< |lgll + sz Lllasl] + bl 1K1 [llazll + by 1x1]] - (1)

From the last estimate we deduce that the operator H maps continuously, the space L! into itself using theorem (2.1).
Moreover, using the estimate (1), we see that the operator H transforms the ball B, into itself where:

F(a+1)

N9l rerpillaali+ba ik llaz])

- byby|IK||
- I'(a+1) T+ )

Let Q,-be subset of B, consisting of all functions being are almost everywhere positive and non-increasing on (0,1).
Note that Q, is non-empty , bounded , closed, convex subset of L1 (0,1).

Moreover, in view of Theorem (2.5) the set Q, is compact in measure.

Next, by taking x € Q, , then x(t) is almost everywhere positive and non-increasing on (0, 1) and consequently Kx(t)
is also of the same type (in virtue of the assumption (iii) and theorem (2.1) ).

Further, the assumption (ii) permits us to deduce that:

t—
Hx(t) = g(t) +E2— S) - L FKFyx(t)

Is also almost everywhere positive and non- decreasmg on (0, 1), this fact together with assertion, H:B, — B, gives
that self-mapping of the set Q,..

since the operator K is continuous and F is continuous in view theorem (2.1), we conclude that H mapps continuous Q,
into Q, .
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Note, that:
_a—-1
K(t,s) =&

(@)
t (t—s)* 1
Kx(t) = fo( Fs(l) x(s)ds
_ (1 ot lt=s|*t
(kx| = [ fioo ey 1X(S)dsdt
1
=t Joo|x(s)1ds
S (£
“lel T I(a+1)
u
Pkl _ 1
x €k [lxll I(a+1)
||K|| - I(a+1)

Finally, assume that X is no-empty subset of @, and € > 0 is fixed, then for an arbitrary x € X and for a set D C
(0,1), meas D < €, we obtain

I, It @©lde = [, |g(6) + f; 0 (s, S ks, Do (5,x()do) | dsde

I'(a)

< [y l9@lde + f, [[{SL2f s, f; k(s 0f(nx(@)dryds| de

I'(a)
</ |g(t)|dt+f [ i |[a1(s)+bl|f k(s, D) f,(r, x(1))dz||dtds

I'(a)

<11gll,, + s ] + BylIKI1 J, [a2(0) + by lx(D)l]ds]
< gl + s Nl + w2 b Kl | + 22220 s s

Where K: L} (D) — L*(D), as simple consequently we get

I DO dt < (19111 ) + 1o sl + 7 P 102l )+ e babalIKI ), 1x(s)1ds

I'(a +1)

The above in quantity gives

lim{ sup[[,, [g(D)ldt + =, las(®)lde + + bi[IKl|, f, laz(®Oldt:

D c (0,1), meas D <€]}=0

babs|IK||
Then §(Hx()) < 228l gy
Where f is the De Blasi measure of non-compactness: Since @, is compact in measure, then by using theorem (2.6), we

can write the last inequality in the form

b1b2||K||
x(tx) < 222l

This inequality together with the assumption (vi) enables us to apply theorem (2.8), which proves the existence of a
fixed point for the operator Hin Q,,. =

I'(a +1)

5. CONCLUSION

In this work, we determined the sufficient conditions under which the existence theorem of a nonlinear integral equation
with convolution kernel is proved in the space L'[0,1] , Also the same situation is proved for a nonlinear integral
equation with fractional order in the spaces L'[0,1] and L!(0,1)
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