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ABSTRACT
This study compares the statistical performance of Ordinary Least
Squares (OLS), Huber M-estimation, Least Trimmed Squares (LTS),
and MM-estimation under varying sample sizes and outlier
contamination proportions using Monte Carlo simulation. The data-
generating model contains two independent standard-normal

explanatory variables, with true parameters fo =2, B1 = 3, and B2 =

2. Four sample sizes (n = 40, 60, 100, and 200) and four
contamination proportions (1 = 0%, 5%, 10%, and 20%) were
considered, producing sixteen simulation conditions. Vertical
outliers were introduced through the regression error term, and each
condition was replicated 1,000 times. Estimator performance was
evaluated using bias, variance, mean squared error (MSE), root mean
squared error (RMSE), and MSE-based relative efficiency. OLS
produced the lowest MSE and RMSE under uncontaminated
conditions, but its performance deteriorated markedly as
contamination increased. The robust estimators remained more
stable under contamination; Huber M-estimation was competitive at
lower contamination levels, LTS became increasingly competitive as
contamination increased, and MM-estimation generally produced the
lowest MSE and RMSE and the highest relative efficiency under
contaminated conditions. Increasing sample size improved
estimation precision for all estimators but did not remove the
sensitivity of OLS to outliers. These findings indicate that estimator
selection should be guided by sample characteristics and the
expected presence and degree of contamination.
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1. INTRODUCTION

Linear regression is one of the most widely used statistical methods for studying the relationship between a dependent
variable and one or more explanatory variables. Ordinary Least Squares (OLS) is the conventional method for estimating
the parameters of a linear regression model because of its simplicity, computational convenience, and high statistical
efficiency when the underlying model assumptions are satisfied. However, the least-squares criterion is based on squared
residuals, which makes OLS particularly sensitive to observations with unusually large residuals. Consequently, even a
relatively small number of outlying observations can exert disproportionate influence on estimated regression coefficients
and substantially reduce estimation accuracy (Huber & Ronchetti, 2009; Yu & Yao, 2017). The presence of outliers is
therefore an important concern in regression analysis, particularly when the objective is to obtain reliable parameter
estimates from data that may contain atypical observations. The effect of outliers depends not only on their magnitude
and location but also on their proportion within the sample and on the sample size. Under contaminated conditions, the
performance of OLS may deteriorate considerably, whereas estimators specifically designed to reduce the influence of
atypical observations may provide more stable estimates. These considerations have led to the development of robust
regression methods that seek to achieve an appropriate balance between statistical efficiency under clean data and
resistance to contamination. Several robust regression procedures have been developed to address the limitations of
classical least-squares estimation. Huber M-estimation reduces the influence of observations with large residuals by
replacing the quadratic loss function with a robust loss function that limits the contribution of extreme residuals (Huber,
1973; Huber & Ronchetti, 2009). The Least Trimmed Squares (LTS) estimator provides greater resistance to
contamination by basing estimation on a subset of observations having the smallest squared residuals (Rousseeuw, 1984;
Rousseeuw & Leroy, 1987). MM-estimation was subsequently developed to combine a high level of robustness with high
statistical efficiency under approximately normal error distributions (Yohai, 1987). Although these methods share the
general objective of reducing the influence of outlying observations, they differ in their statistical properties and may
therefore perform differently under different data conditions. The comparative performance of regression estimators
cannot be determined solely from their theoretical properties. It may change according to sample size, contamination
proportion, contamination structure, and the criterion used to evaluate estimator performance. Simulation studies provide
an appropriate framework for investigating these differences because they allow data to be generated under controlled
conditions with known population parameters and allow the same estimation procedures to be repeatedly evaluated across
systematically varied scenarios (Morris et al., 2019). Previous research has demonstrated that robust estimators can
provide substantial advantages over OLS when data contain contamination, while OLS may retain greater efficiency when
the data are uncontaminated (Huber & Ronchetti, 2009; Yu & Yao, 2017). Despite the extensive development of robust
regression methods, their relative performance is not necessarily uniform across sample sizes and contamination
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conditions.

Conclusions obtained from simulation studies depend on the characteristics of the simulation design, including the sample
sizes considered, the proportion and type of contamination, the estimators included in the comparison, and the
performance measures used to evaluate them (Morris et al., 2019). Thus, a controlled comparison in which different
estimators are applied to the same generated datasets under systematically varied conditions can provide useful evidence
regarding their relative performance.

Accordingly, the present study employs a Monte Carlo simulation to compare the statistical performance of OLS, Huber
M-estimation, LTS, and MM-estimation under varying sample sizes and vertical outlier contamination proportions. Four
sample sizes (n = 40, 60, 100, and 200) and four contamination proportions (w = 0%, 5%, 10%, and 20%) are considered,
resulting in sixteen simulation conditions. Each condition is replicated 1,000 times, and estimator performance is
evaluated using bias, variance, mean squared error (MSE), root mean squared error (RMSE), and MSE-based relative
efficiency. The study therefore aims to provide a controlled assessment of the extent to which sample size and outlier
contamination affect the relative performance of the four regression estimators and to identify the circumstances under
which robust estimation provides an advantage over the classical OLS approach

2. METHOD

2.1 Research Design
This study uses a quantitative experimental design based on Monte Carlo simulation. Four regression estimators—OLS,
Huber M-estimation, LTS, and MM-estimation were compared under controlled data-generating conditions. Four sample
sizes and four vertical outlier contamination proportions were combined to produce sixteen simulation conditions. Within
each condition, all four estimators were applied to the same generated datasets, and each condition was repeated 1,000
times. Performance was evaluated using bias, variance, MSE, RMSE, and MSE-based relative efficiency.

2.2 Data-Generating Model
The simulation is based on the following multiple linear regression model with two explanatory variables:

Vi = Bo + Bixin + Baxiz + & (1)
where yi is the response, xi1 and X2 are explanatory variables, fo is the intercept, 1 and B2 are regression coefficients,
and ¢; is the random error. The true parameter values were fixed at fo =2, f1 =3, and . =2.

Xip ~ N(O,l), Xiz ~ N(O,l) (2)

The explanatory variables were generated independently from standard normal distributions. Under the uncontaminated
condition, the regression errors were generated as:

& ~ N(0,1) 3)

For contaminated observations, the error distribution was represented as N(0, 6,.%), where .2 = 100 denotes the fixed
contamination variance used in the simulation. The contamination mixture can therefore be written as:

g ~ (1 — m)N(0,1) + ©wN(0,0.%) 4)

2.3 Sample Sizes and Outlier Contamination Proportions
Four sample sizes were considered: n = 40, 60, 100, and 200. Four contamination proportions were considered: © = 0,
0.05, 0.10, and 0.20, corresponding to 0%, 5%, 10%, and 20%, respectively. The combinations produced sixteen
simulation conditions. The numbers of contaminated observations are shown in Table 1.

Table 1. Number of Contaminated Observations by Sample Size and Contamination Proportion

Sample Size (n) 0% 5% 10% 20%
40 0 2 4 8
60 0 3 6 12
100 0 5 10 20
200 0 10 20 40

2.4 Contamination Mechanism
Vertical outliers were introduced through the regression error term, while the explanatory variables remained generated
from their standard normal distributions. Within each replication, the required number of observations was randomly
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selected for contamination, while the remaining observations retained the clean error distribution. The contamination
proportion varied across conditions, whereas the contamination severity was held constant.

2.5 Simulation Procedure and Number of Replications
For each of the sixteen conditions, a dataset was generated according to the specified regression model and contamination
mechanism. OLS, Huber M-estimation, LTS, and MM-estimation were then fitted to the same dataset, and the estimated
coefficients Po, B1, and P2 were recorded.

Using the same dataset for all four estimators within each replication ensured a direct comparison. Each condition was
repeated R = 1,000 times, resulting in 16,000 simulation replications.

2.6 Performance Measures
Estimator performance was evaluated using the following measures.

Bias measures the average deviation of an estimated coefficient from its true population value:

1

Bias([?]) - 7 le(ﬂj\r - ﬂ]) )

R

Variance measures the dispersion of the coefficient estimates around their empirical mean:

Var(B) = — ZR-1(B)r — B))* (6)
Mean squared error combines squared bias and variance:

MSE(B) = = ZR_1(B)r — B))? (7)
Root mean squared error is the square root of MSE:

RMSE(B,) = VMSE(S) (®)
Relative efficiency compares each robust estimator with OLS using MSE as the criterion:

MSEqLs (B))

RE = =
MSERobust(ﬁj)

)

Values of RE > 1 indicate a lower MSE for the robust estimator than for OLS; RE = 1 indicates equal MSE; and RE < 1
indicates a lower MSE for OLS.

2.7 Regression Estimation Methods

Ordinary Least Squares (OLS)
OLS estimates the regression coefficients by minimizing the sum of squared residuals:

Pors = argmin B Xi_ (v — x"B)° (10)

OLS served as the benchmark estimator. Its squared-residual criterion makes it sensitive to observations with unusually
large residuals (Huber & Ronchetti, 2009; Yu & Yao, 2017).

Huber M-Estimation

Huber M-estimation reduces the influence of large residuals by replacing the squared-error loss with a piecewise loss
function (Huber, 1973; Huber & Ronchetti, 2009):

.3\11 = argmin B Yi'_, pH (i) (11)
where r; is the residual and pc(-) is the Huber loss function:
p_c(r) = {057%if |r] <= ¢; c|r| — 0.5¢%if |r| > ¢} (12)

The simulation used the Huber influence function with tuning constant k = 1.345 and MAD scale estimation.
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Least Trimmed Squares (LTS)
LTS reduces the influence of outliers by minimizing a subset of the smallest squared residuals (Rousseeuw, 1984;
Rousseeuw & Leroy, 1987):

Pirs = argmin B Bt r_(in)? (13)

where r’(1:n) <. <r?(n:n) are the ordered squared residuals and h is the number of observations retained in the
objective function. The simulation used o = 0.50 and nsamp = 500.

MM-Estimation
MM-estimation is designed to combine high breakdown robustness with relatively high efficiency under approximately
normal errors (Yohai, 1987; Maronna et al., 2019). A general objective form is:

Pum = arg min B 3i_; p(ri/s) (14)

where s is a robust scale estimate and p(-) is a robust loss function. The simulation implemented MM-estimation using
rlm() with method = "MM".

Comparison of the Estimation Methods

The four estimators represent different trade-offs between efficiency under clean data and resistance to contamination.
OLS provides the benchmark under uncontaminated conditions; Huber M-estimation downweights large residuals; LTS
trims observations with the largest residual contributions; and MM-estimation combines a robust initial estimate with a
subsequent efficient M-estimation step. Their performance was compared to using common simulation datasets and
common performance measures.

Statistical Software and Simulation Implementation

The Monte Carlo simulation was implemented in IBM SPSS Statistics using the Integration Plug-in for R and embedded
R code. OLS was estimated using Im() from the R stats package. Huber M-estimation was implemented using rlm() from
MASS with the Huber influence function, k = 1.345, MAD scale estimation, and a maximum of 100 iterations. LTS was
estimated using ItsReg() from robustbase with a = 0.50 and nsamp = 500. MM-estimation was implemented using rlm()
from MASS with method = "MM" and a maximum of 100 iterations. Separate deterministic seeds were used for data
generation and estimator-specific procedures.

Data-generation seed: 20260814; LTS seed: 120260814; MM seed: 220260814

3. ETHICS APPROVAL

Ethical approval was not applicable because the study was based entirely on Monte Carlo simulated data and did not
involve human participants.

4. RESULTS

The results are presented for the sixteen combinations of sample size and contamination proportion. Estimator
performance is summarized using the mean coefficient estimate, bias, variance, MSE, RMSE, and MSE-based relative
efficiency. Because the simulation is descriptive and no formal inferential tests of the interaction between sample size and
contamination proportion were conducted, the results are interpreted as observed simulation patterns.
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Table 2. Monte Carlo Simulation Results forn =40, 1 =0

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000 2.004765 0.004765 0.027782 0.027777 | 0.166663 1.000000
OLS Bs 3.000 2.995462 -0.004538 0.029703 0.029694 | 0.172318 1.000000
OLS B2 2.000 1.999115 -0.000885 0.028716 0.028688 | 0.169376 1.000000
Huber Bo 2.000 2.002329 0.002329 0.028425 0.028402 | 0.168528 | 0.977997
Huber Bs 3.000 2.995400 -0.004600 0.031424 0.031414 | 0.177239 | 0.945238
Huber B2 2.000 2.000854 0.000854 0.031236 0.031205 | 0.176651 0.919336
LTS Bo 2.000 1.995087 -0.004913 0.041672 0.041655 | 0.204095 0.666830
LTS Bs 3.000 2.996337 -0.003663 0.054366 0.054325 | 0.233077 | 0.546593
LTS B2 2.000 2.002929 0.002929 0.051639 0.051596 | 0.227148 | 0.556017
MM Bo 2.000 2.002168 0.002168 0.028759 0.028735 | 0.169513 0.966664
MM B 3.000 2.995198 -0.004802 0.031680 0.031671 | 0.177964 | 0.937556
MM B2 2.000 2.000461 0.000461 0.031810 0.031779 | 0.178266 | 0.902750

Under the uncontaminated conditions, OLS achieved the lowest MSE and RMSE across the three coefficients, while
Huber and MM remained relatively close, and LTS showed lower clean-data efficiency.

Table 3. Monte Carlo Simulation Results for n =40, © = 0.05

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000000 1.973667 -0.026333 0.150968 0.151511 | 0.389244 1.000000
OLS B 3.000000 2.994944 -0.005056 0.150973 0.150848 | 0.388391 1.000000
OLS B2 2.000000 2.042915 0.042915 0.153417 0.155105 | 0.393833 1.000000
Huber Bo 2.000000 1.992595 -0.007405 0.030366 0.030390 | 0.174328 | 4.985482
Huber B 3.000000 3.002734 0.002734 0.036389 0.036361 | 0.190684 | 4.148669
Huber B2 2.000000 2.012667 0.012667 0.033390 0.033517 | 0.183076 | 4.627652
LTS Bo 2.000000 1.999800 -0.000200 0.042602 0.042560 | 0.206300 | 3.559941
LTS B 3.000000 3.000632 0.000632 0.050204 0.050154 | 0.223951 3.007687
LTS B2 2.000000 2.007611 0.007611 0.052265 0.052271 | 0.228628 | 2.967330
MM Bo 2.000000 1.997363 -0.002637 0.027744 0.027723 | 0.166503 5.465120
MM B 3.000000 3.002181 0.002181 0.033343 0.033314 | 0.182522 | 4.528020
MM B2 2.000000 2.009046 0.009046 0.031779 0.031829 | 0.178408 | 4.873028

At 5% contamination, the robust estimators substantially outperformed OLS. MM -estimation produced the lowest MSE
across the three coefficients in this condition.

Table 4. Monte Carlo Simulation Results for n =40, 7 =0.10

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000000 1.980497 -0.019503 0.295569 0.295654 | 0.543741 1.000000
OLS B 3.000000 3.013770 0.013770 0.273041 0.272958 | 0.522454 1.000000
OLS B2 2.000000 2.015044 0.015044 0.283391 0.283334 | 0.532291 1.000000
Huber Bo 2.000000 1.996829 -0.003171 0.040031 0.040001 | 0.200002 | 7.391221
Huber B 3.000000 3.001286 0.001286 0.043396 0.043355 | 0.208218 6.295927
Huber B2 2.000000 2.013830 0.013830 0.040848 0.040999 | 0.202481 6.910805
LTS Bo 2.000000 2.000528 0.000528 0.042582 0.042540 | 0.206252 | 6.950043
LTS B 3.000000 2.999906 -0.000094 0.048746 0.048697 | 0.220674 | 5.605221
LTS B2 2.000000 2.013450 0.013450 0.045941 0.046076 | 0.214653 6.149290
MM Bo 2.000000 2.000266 0.000266 0.035077 0.035042 | 0.187194 | 8.437214
MM B 3.000000 3.000926 0.000926 0.035818 0.035783 | 0.189164 | 7.628137
MM B2 2.000000 2.012561 0.012561 0.033015 0.033140 | 0.182044 | 8.549585

At 10% contamination, the performance gap between OLS and the robust estimators widened. MM -estimation produced
the lowest MSE across the three coefficients.
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Table 5. Monte Carlo Simulation Results for n =40, © = 0.20

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000000 1.993699 -0.006301 0.532282 0.531789 | 0.729239 1.000000
OLS B 3.000000 3.036653 0.036653 0.581424 0.582186 | 0.763011 1.000000
OLS B2 2.000000 2.026449 0.026449 0.548559 0.548710 | 0.740750 1.000000
Huber Bo 2.000000 1.998980 -0.001020 0.058805 0.058748 | 0.242379 9.052104
Huber B 3.000000 3.017077 0.017077 0.069826 0.070048 | 0.264665 8.311275
Huber B2 2.000000 2.009120 0.009120 0.070745 0.070757 | 0.266002 7.754844
LTS Bo 2.000000 2.001774 0.001774 0.043455 0.043415 | 0.208363 | 12.248930
LTS B 3.000000 3.014821 0.014821 0.053417 0.053583 | 0.231480 | 10.865085
LTS B2 2.000000 1.995689 -0.004311 0.055659 0.055622 | 0.235843 9.864977
MM Bo 2.000000 2.001195 0.001195 0.041472 0.041432 | 0.203548 | 12.835289
MM B 3.000000 3.013883 0.013883 0.046755 0.046901 | 0.216566 | 12.413121
MM B2 2.000000 2.002137 0.002137 0.050121 0.050075 | 0.223775 | 10.957730

At 20% contamination, MM-estimation again produced the lowest MSE across the three coefficients, while LTS was
highly competitive and outperformed Huber.

Table 6. Monte Carlo Simulation Results for n = 60, 1 =0

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000000 2.003513 0.003513 0.017705 0.017699 | 0.133039 1.000000
OLS B 3.000000 3.002652 0.002652 0.017636 0.017625 | 0.132760 1.000000
OLS B2 2.000000 2.002236 0.002236 0.017430 0.017418 | 0.131977 1.000000
Huber Bo 2.000000 2.002706 0.002706 0.018707 0.018695 | 0.136730 | 0.946739
Huber B 3.000000 3.003605 0.003605 0.018943 0.018937 | 0.137610 | 0.930752
Huber B2 2.000000 2.001772 0.001772 0.018574 0.018558 | 0.136229 | 0.938551
LTS Bo 2.000000 2.000087 0.000087 0.026948 0.026921 | 0.164078 | 0.657446
LTS B 3.000000 3.004469 0.004469 0.031684 0.031672 | 0.177966 | 0.556499
LTS B2 2.000000 2.001991 0.001991 0.029617 0.029592 | 0.172022 | 0.588609
MM Bo 2.000000 2.002721 0.002721 0.018680 0.018668 | 0.136632 | 0.948094
MM B 3.000000 3.003520 0.003520 0.018987 0.018980 | 0.137768 | 0.928621
MM B2 2.000000 2.002606 0.002606 0.018669 0.018657 | 0.136592 | 0.933567

Atn =60 and © = 0, OLS retained the lowest MSE and RMSE, while Huber and MM remained close and LTS showed

lower clean-data efficiency.

Table 7. Monte Carlo Simulation Results for n = 60, © = 0.05

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000000 1.985717 -0.014283 0.098674 0.098779 | 0.314291 1.000000
OLS B 3.000000 3.000962 0.000962 0.109189 0.109081 | 0.330273 1.000000
OLS B2 2.000000 2.007364 0.007364 0.101940 0.101892 | 0.319206 1.000000
Huber Bo 2.000000 1.990337 -0.009663 0.021607 0.021679 | 0.147237 | 4.556485
Huber B 3.000000 2.999927 -0.000073 0.021616 0.021594 | 0.146950 5.051338
Huber B2 2.000000 1.999242 -0.000758 0.023500 0.023477 | 0.153222 | 4.340076
LTS Bo 2.000000 1.993112 -0.006888 0.026459 0.026480 | 0.162725 3.730389
LTS B 3.000000 3.001820 0.001820 0.027879 0.027855 | 0.166897 3.916050
LTS B2 2.000000 1.998286 -0.001714 0.029711 0.029685 | 0.172292 3.432494
MM Bo 2.000000 1.991167 -0.008833 0.020274 0.020332 | 0.142591 4.858240
MM B 3.000000 3.000395 0.000395 0.019532 0.019512 | 0.139687 5.590326
MM B2 2.000000 1.998948 -0.001052 0.021253 0.021233 | 0.145714 | 4.798871

Atn =60 and m = 0.05, the robust estimators substantially outperformed OLS, with MM-estimation producing the lowest
MSE across the three coefficients.
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Table 8. Monte Carlo Simulation Results for n = 60, &= 0.10

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000000 1.991996 -0.008004 0.188081 0.187957 | 0.433540 1.000000
OLS B 3.000000 2.986288 -0.013712 0.187345 0.187346 | 0.432835 1.000000
OLS B2 2.000000 1.991432 -0.008568 0.185507 0.185395 | 0.430575 1.000000
Huber Bo 2.000000 2.004975 0.004975 0.026310 0.026308 | 0.162198 7.144397
Huber B 3.000000 2.999467 -0.000533 0.026317 0.026291 | 0.162144 7.125953
Huber B2 2.000000 1.998193 -0.001807 0.025529 0.025506 | 0.159707 7.268603
LTS Bo 2.000000 2.003281 0.003281 0.025789 0.025774 | 0.160542 7.292606
LTS B 3.000000 3.001433 0.001433 0.028516 0.028489 | 0.168788 6.575981
LTS B2 2.000000 1.996729 -0.003271 0.028890 0.028872 | 0.169918 6.421236
MM Bo 2.000000 2.004891 0.004891 0.021662 0.021664 | 0.147188 8.675840
MM B 3.000000 3.002127 0.002127 0.022088 0.022071 | 0.148563 8.488376
MM B2 2.000000 1.997451 -0.002549 0.021250 0.021235 | 0.145723 8.730529

Atn =60 and n = 0.10, MM-estimation produced the lowest MSE across the three coefficients, while Huber and LTS
remained substantially more stable than OLS.

Table 9. Monte Carlo Simulation Results for n = 60, © = 0.20

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000000 1.987888 -0.012112 0.380831 0.380597 | 0.616925 1.000000
OLS B 3.000000 2.984876 -0.015124 0.373744 0.373599 | 0.611227 1.000000
OLS B2 2.000000 1.985721 -0.014279 0.401629 0.401431 | 0.633586 1.000000
Huber Bo 2.000000 2.001435 0.001435 0.040279 0.040241 | 0.200602 | 9.457923
Huber B 3.000000 2.998145 -0.001855 0.041862 0.041824 | 0.204508 8.932715
Huber B2 2.000000 2.002607 0.002607 0.042389 0.042353 | 0.205798 | 9.478230
LTS Bo 2.000000 2.004882 0.004882 0.029553 0.029548 | 0.171894 | 12.880807
LTS B 3.000000 3.002554 0.002554 0.032749 0.032723 | 0.180895 | 11.417070
LTS B2 2.000000 2.006454 0.006454 0.032676 0.032684 | 0.180789 | 12.282015
MM Bo 2.000000 2.002968 0.002968 0.028808 0.028788 | 0.169672 | 13.220452
MM B 3.000000 3.003312 0.003312 0.029097 0.029079 | 0.170526 | 12.847633
MM B2 2.000000 2.003787 0.003787 0.029566 0.029551 | 0.171904 | 13.584405

At n = 60 and © = 0.20, MM-estimation again produced the lowest MSE overall, while LTS became particularly

competitive.

Table 10. Monte Carlo Simulation Results forn =100, 1 =0

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000000 2.000652 0.000652 0.010206 0.010196 | 0.100974 1.000000
OLS B 3.000000 3.004786 0.004786 0.011302 0.011314 | 0.106367 1.000000
OLS B2 2.000000 1.993879 -0.006121 0.010115 0.010143 | 0.100711 1.000000
Huber Bo 2.000000 2.001127 0.001127 0.010908 0.010898 | 0.104395 | 0.935539
Huber B 3.000000 3.005117 0.005117 0.012043 0.012057 | 0.109806 | 0.938347
Huber B2 2.000000 1.994021 -0.005979 0.010776 0.010801 | 0.103926 | 0.939088
LTS Bo 2.000000 2.000401 0.000401 0.015635 0.015619 | 0.124977 | 0.652762
LTS B 3.000000 3.004936 0.004936 0.018488 0.018494 | 0.135992 | 0.611776
LTS B2 2.000000 1.992724 -0.007276 0.016477 0.016514 | 0.128506 | 0.614197
MM Bo 2.000000 2.001072 0.001072 0.010913 0.010903 | 0.104416 | 0.935152
MM Bs 3.000000 3.005163 0.005163 0.012114 0.012128 | 0.110128 0.932878
MM B2 2.000000 1.994153 -0.005847 0.010876 0.010899 | 0.104399 | 0.930600

At n =100 and = = 0, OLS achieved the lowest MSE and RMSE, whereas Huber and MM remained close, and LTS
showed lower efficiency.
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Table 11. Monte Carlo Simulation Results for n = 100, © = 0.05

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000000 1.985182 -0.014818 0.057374 0.057536 | 0.239867 1.000000
OLS B 3.000000 2.991063 -0.008937 0.064651 0.064666 | 0.254295 1.000000
OLS B2 2.000000 1.999751 -0.000249 0.061799 0.061737 | 0.248470 1.000000
Huber Bo 2.000000 1.995906 -0.004094 0.011867 0.011872 | 0.108956 | 4.846562
Huber B 3.000000 3.000499 0.000499 0.014413 0.014399 | 0.119995 4.491043
Huber B2 2.000000 1.996823 -0.003177 0.013726 0.013722 | 0.117143 4.498999
LTS Bo 2.000000 1.997883 -0.002117 0.014123 0.014114 | 0.118802 4.076577
LTS B 3.000000 3.003893 0.003893 0.017487 0.017485 | 0.132231 3.698356
LTS B2 2.000000 1.994324 -0.005676 0.016949 0.016965 | 0.130248 3.639177
MM Bo 2.000000 1.997969 -0.002031 0.010988 0.010981 | 0.104790 5.239671
MM B 3.000000 3.002368 0.002368 0.013052 0.013045 | 0.114214 4.957220
MM B2 2.000000 1.995600 -0.004400 0.012379 0.012386 | 0.111293 4,984338

Atn =100 and = 0.05, the robust estimators substantially outperformed OLS, with MM-estimation producing the lowest
MSE across the three coefficients.

Table 12. Monte Carlo Simulation Results for n = 100, t =0.10

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000000 1.987328 -0.012672 0.115944 0.115988 | 0.340570 1.000000
OLS B 3.000000 2.999628 -0.000372 0.126691 0.126565 | 0.355759 1.000000
OLS B2 2.000000 1.997742 -0.002258 0.123792 0.123673 | 0.351672 1.000000
Huber Bo 2.000000 2.002800 0.002800 0.015487 0.015479 | 0.124414 | 7.493279
Huber B 3.000000 3.001386 0.001386 0.015263 0.015250 | 0.123490 | 8.299480
Huber B2 2.000000 2.000718 0.000718 0.016168 0.016152 | 0.127092 | 7.656689
LTS Bo 2.000000 2.004459 0.004459 0.015392 0.015397 | 0.124083 7.533336
LTS B 3.000000 3.000768 0.000768 0.015943 0.015928 | 0.126204 | 7.946268
LTS B2 2.000000 1.997108 -0.002892 0.015913 0.015906 | 0.126118 7.775401
MM Bo 2.000000 2.004806 0.004806 0.013320 0.013330 | 0.115454 8.701536
MM B 3.000000 3.002304 0.002304 0.013365 0.013357 | 0.115572 | 9.475652
MM B2 2.000000 1.999187 -0.000813 0.013210 0.013197 | 0.114878 9.371276

Atn =100 and = = 0.10, MM-estimation provided the lowest MSE, while Huber and LTS showed similar error levels and
remained more stable than OLS.

Table 13. Monte Carlo Simulation Results for n = 100, = = 0.20

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000000 2.011188 0.011188 0.219549 0.219454 | 0.468460 1.000000
OLS B 3.000000 3.002276 0.002276 0.206476 0.206275 | 0.454175 1.000000
OLS B2 2.000000 1.987107 -0.012893 0.192551 0.192524 | 0.438776 1.000000
Huber Bo 2.000000 1.999909 -0.000091 0.024317 0.024292 | 0.155860 | 9.033946
Huber B 3.000000 2.996353 -0.003647 0.022424 0.022415 | 0.149716 | 9.202572
Huber B2 2.000000 2.001828 0.001828 0.022943 0.022923 | 0.151404 | 8.398675
LTS Bo 2.000000 1.998212 -0.001788 0.018791 0.018775 | 0.137023 | 11.688406
LTS Bs 3.000000 2.994892 -0.005108 0.016745 0.016754 | 0.129438 | 12.311915
LTS B2 2.000000 2.008268 0.008268 0.018103 0.018153 | 0.134733 | 10.605627
MM Bo 2.000000 1.997909 -0.002091 0.018117 0.018104 | 0.134549 | 12.122178
MM B 3.000000 2.995760 -0.004240 0.015935 0.015937 | 0.126242 | 12.943208
MM B2 2.000000 2.006664 0.006664 0.016991 0.017018 | 0.130453 | 11.312974

Atn =100 and m = 0.20, MM-estimation achieved the lowest MSE across the three coefficients, with LTS performing

very closely.
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Table 14. Monte Carlo Simulation Results for n =200, 1 =0

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000000 2.001905 0.001905 0.004838 0.004836 0.069544 1.000000
OLS Bs 3.000000 2.997414 -0.002586 0.004650 0.004652 0.068206 1.000000
OLS B2 2.000000 1.999588 -0.000412 0.005052 0.005048 0.071046 1.000000
Huber Bo 2.000000 2.001974 0.001974 0.005114 0.005113 0.071507 0.945866
Huber Bs 3.000000 2.997267 -0.002733 0.004942 0.004945 0.070319 0.940792
Huber B2 2.000000 1.999972 -0.000028 0.005115 0.005110 0.071486 0.987740
LTS Bo 2.000000 2.001306 0.001306 0.007027 0.007022 0.083796 0.688775
LTS B 3.000000 2.995162 -0.004838 0.007093 0.007109 0.084315 0.654386
LTS B2 2.000000 2.001164 0.001164 0.006894 0.006888 0.082997 0.732760
MM Bo 2.000000 2.001871 0.001871 0.005119 0.005117 0.071533 0.945165
MM Bs 3.000000 2.997024 -0.002976 0.004951 0.004955 0.070392 0.938839
MM B2 2.000000 1.999987 -0.000013 0.005154 0.005149 0.071755 0.980356

Atn =200 and = =0, OLS achieved the lowest MSE and RMSE across the coefficients, while Huber and MM remained
highly competitive.

Table 15. Monte Carlo Simulation Results for n = 200, = = 0.05

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000000 1.999231 -0.000769 0.030763 0.030733 | 0.175309 1.000000
OLS B 3.000000 2.998171 -0.001829 0.028957 0.028932 | 0.170093 1.000000
OLS B2 2.000000 2.007064 0.007064 0.031389 0.031407 | 0.177220 1.000000
Huber Bo 2.000000 2.002192 0.002192 0.006516 0.006514 | 0.080711 4717837
Huber B 3.000000 2.998482 -0.001518 0.006224 0.006220 | 0.078866 | 4.651492
Huber B2 2.000000 1.998525 -0.001475 0.006364 0.006360 | 0.079750 | 4.938154
LTS Bo 2.000000 2.001487 0.001487 0.007262 0.007257 | 0.085187 | 4.235092
LTS B 3.000000 3.000825 0.000825 0.007580 0.007574 | 0.087026 3.820085
LTS B2 2.000000 1.997411 -0.002589 0.007531 0.007530 | 0.086778 4.170714
MM Bo 2.000000 2.002851 0.002851 0.005827 0.005829 | 0.076347 5.272521
MM B 3.000000 2.999215 -0.000785 0.005813 0.005808 | 0.076207 | 4.981680
MM B2 2.000000 1.997315 -0.002685 0.005791 0.005792 | 0.076108 5.422113

At n =200 and 7 = 0.05, MM-estimation achieved the lowest MSE across the three coefficients, followed closely by

Huber, while OLS showed substantially larger errors.

Table 16. Monte Carlo Simulation Results for n =200, 7= 0.10

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000000 1.994173 -0.005827 0.055541 0.055520 | 0.235626 1.000000
OLS B 3.000000 2.990247 -0.009753 0.055372 0.055412 | 0.235397 1.000000
OLS B2 2.000000 2.006907 0.006907 0.059315 0.059304 | 0.243523 1.000000
Huber Bo 2.000000 1.998373 -0.001627 0.007336 0.007331 | 0.085621 7.573342
Huber B 3.000000 2.998682 -0.001318 0.007119 0.007114 | 0.084343 7.789392
Huber B2 2.000000 2.004124 0.004124 0.007640 0.007649 | 0.087458 7.753197
LTS Bo 2.000000 1.998326 -0.001674 0.006945 0.006941 | 0.083314 7.998523
LTS B 3.000000 3.000662 0.000662 0.007188 0.007181 0.084740 7.716640
LTS B2 2.000000 2.003093 0.003093 0.007306 0.007308 | 0.085488 8.114719
MM Bo 2.000000 1.999175 -0.000825 0.006062 0.006056 | 0.077823 9.167008
MM B 3.000000 3.000393 0.000393 0.005923 0.005917 | 0.076922 9.364959
MM B2 2.000000 2.002561 0.002561 0.006204 0.006204 | 0.078768 9.558208

Atn =200 and n = 0.10, MM-estimation again provided the lowest MSE across the three coefficients, while Huber and
LTS remained substantially better than OLS.
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Table 17. Monte Carlo Simulation Results for n = 200, & = 0.20

Estimator | Parameter True Mean Bias Variance MSE RMSE Relative
Value Estimate Efficiency

OLS Bo 2.000000 2.003561 0.003561 0.102649 0.102559 | 0.320248 1.000000
OLS B 3.000000 2.975653 -0.024347 0.114075 0.114554 | 0.338458 1.000000
OLS B2 2.000000 1.991470 -0.008530 0.103570 0.103540 | 0.321776 1.000000
Huber Bo 2.000000 2.001690 0.001690 0.011123 0.011115 | 0.105426 9.227412
Huber B 3.000000 2.992593 -0.007407 0.011565 0.011608 | 0.107740 9.868612
Huber B2 2.000000 1.997740 -0.002260 0.010145 0.010140 | 0.100700 | 10.210576
LTS Bo 2.000000 1.999711 -0.000289 0.008057 0.008049 | 0.089717 | 12.741665
LTS B 3.000000 2.995143 -0.004857 0.008729 0.008744 | 0.093507 | 13.101605
LTS B2 2.000000 1.999370 -0.000630 0.007926 0.007918 | 0.088985 | 13.075995
MM Bo 2.000000 2.000330 0.000330 0.008089 0.008081 | 0.089893 | 12.691866
MM B 3.000000 2.997383 -0.002617 0.008497 0.008495 | 0.092168 | 13.485015
MM B2 2.000000 1.998905 -0.001095 0.007443 0.007437 | 0.086235 | 13.923109

Atn =200 and © = 0.20, LTS achieved the lowest MSE for o, whereas MM-estimation achieved the lowest MSE for 3:
and B2. Thus, the results show that no estimator was uniformly best for every coefficient under every condition.

Evaluation of Research Hypotheses
The hypotheses were assessed descriptively from the observed patterns in bias, variance, MSE, RMSE, and relative

efficiency. Because no formal inferential tests were conducted, the evaluations indicate consistency with the simulated
patterns rather than statistical significance.

H1: The observed simulation results are consistent with the hypothesis: increasing sample size generally reduced variance,
MSE, and RMSE.

H2: Consistent with the observed simulation results: estimator performance changed as contamination proportion
increased.

H3: The observed simulation results are consistent with the hypothesis: robust estimators generally produced lower MSE
and RMSE than OLS under contamination.

H4: Generally consistent with the observed simulation results: the relative performance of Huber, LTS, and MM varied
across contamination levels, with MM generally strongest overall and LTS particularly competitive at higher
contamination.

Table 18. Evaluation of Research Hypotheses

Hypothesis Descriptive Evaluation
H1 Consistent with the observed simulation results
H2 Consistent with the observed simulation results
H3 Consistent with the observed simulation results
H4 Generally consistent with the observed simulation results

5. DISCUSSION

Overall Pattern of Estimator Performance

Across the sixteen simulation conditions, estimator performance varied systematically with sample size and
contamination proportion. Under uncontaminated conditions, OLS consistently produced the lowest MSE and RMSE.
Once contamination was introduced, the robust estimators became substantially more stable, with MM-estimation
generally producing the lowest MSE and RMSE across contaminated conditions.

Performance Under Uncontaminated Conditions

The uncontaminated results illustrate the expected efficiency robustness trade-off. OLS performed best under clean data,
while Huber M-estimation and MM-estimation remained relatively close. LTS generally showed higher variance and
MSE, which is consistent with the loss of clean-data efficiency associated with trimming observations from the objective
function (Rousseeuw, 1984; Rousseeuw & Leroy, 1987).
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Effect of Outlier Contamination

Introducing vertical contamination led to a marked deterioration in OLS performance. Variance, MSE, and RMSE
increased as the contamination proportion rose, whereas the robust estimators maintained lower error levels. Because the
clean and contaminated error distributions were specified as symmetric and centered at zero, contamination primarily
increased estimation variability rather than producing a persistent directional bias. This explains why MSE and RMSE
provide more informative overall measures than bias alone in the present design.

Effect of Sample Size

Increasing the sample size generally reduced variance, MSE, and RMSE for all estimators, indicating improved estimation
precision. Nevertheless, larger samples did not eliminate the sensitivity of OLS to contamination. Thus, sample size and
robustness address different aspects of estimator performance: larger samples improve precision, whereas robust
procedures protect atypical observations.

Relative Efficiency

Using OLS as the reference, relative efficiency was approximately 1 under clean conditions for OLS by definition. Under
contamination, the robust estimators frequently produced relative-efficiency values above 1, indicating lower MSE than
OLS. MM-estimation generally showed the highest relative efficiency across contaminated conditions, although LTS was
highly competitive at higher contamination levels and was best for o in the n =200, = = 0.20 condition.

Evaluation of the Simulation Hypotheses

The observed patterns were consistent with H1 and H2 in the descriptive simulation results. H3 was also consistent with
the results because the robust estimators generally had lower MSE and RMSE than OLS under contamination. H4 was
generally consistent with the results, although the coefficient-specific comparison at n = 200 and 7 = 0.20 shows that
MM-estimation was not uniformly superior for every coefficient. These findings reinforce the importance of reporting
multiple performance measures rather than relying on a single estimator ranking.

6. CONCLUSION

This Monte Carlo study compared OLS, Huber M-estimation, LTS, and MM-estimation across four sample sizes and four
vertical outlier contamination proportions. OLS provided the lowest MSE and RMSE under uncontaminated conditions,
whereas its performance deteriorated as contamination increased. The robust estimators remained more stable under
contamination, with MM-estimation generally producing the lowest MSE and RMSE, while LTS became increasingly
competitive at higher contamination.

Increasing sample size generally improved estimation precision by reducing variance, MSE, and RMSE, but it did not
remove OLS sensitivity to outliers. The results therefore indicate an efficiency—robustness trade-off rather than a
universally best estimator. Estimator choice should be based on the expected data characteristics and the possibility of
contamination.

Limitations and Future Research

Several limitations should be considered. First, the study examined only vertical outliers introduced through the error
term; leverage and bad-leverage contamination were not investigated. Second, contamination severity was held constant
while only the contamination proportion varied. Third, the simulation used four sample sizes and a relatively simple linear
model with two independent standard-normal predictors. More complex predictor structures, multicollinearity, nonlinear
relationships, and model misspecification were not examined. Fourth, the error distributions were symmetric and centered
at zero, so the findings may differ under skewed, heavy-tailed, heteroscedastic, or systematically shifted contamination.
Finally, only four estimators were compared and no formal inferential tests of sample-size-by-contamination interactions
were conducted.

Future research should therefore examine leverage and combined contamination, vary contamination magnitude as well
as contamination proportion, consider larger and correlated predictor sets, and compare additional robust estimators and
performance criteria. Empirical applications using real datasets with known or suspected outliers would also help assess

the extent to which the simulation patterns generalize to practical regression settings.
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    y  i   =     𝛽 0   +     𝛽 1   x  i 1   +     𝛽 2   x  i 2   +     𝜀  i


    x  i 1   ∼   N ( 0 , 1 ) ,       x  i 2   ∼   N ( 0 , 1 )


    𝜀  i   ∼   N ( 0 , 1 )


    𝜎  c ²


    𝜎  c ²


    𝜀  i   ∼   ( 1   −   𝜋 ) N ( 0 , 1 )   +   𝜋 N ( 0 ,   𝜎  c ² )


    B i a s (     𝛽  j ^ )   =    1  R     ∑  r   =   1  R  (     𝛽  j r ^   −     𝛽  j )


  V a r (     𝛽  j ^ )   =    1  R   −   1     ∑  r   =   1  R  (     𝛽  j r ^   −       𝛽  j ¯ ) ²


  M S E (     𝛽  j ^ )   =    1  R     ∑  r   =   1  R  (     𝛽  j r ^   −     𝛽  j ) ²


  R M S E (     𝛽  j ^ )   =   √ M S E (     𝛽  j ^ )


  R   E   =        


      𝛽  O L S ^   =   a r g   m i n   𝛽     ∑  i   =   1  n  ( y ᵢ   −   x ᵢ ᵀ 𝛽 ) ²


      𝛽  H ^   =   a r g   m i n   𝛽     ∑  i   =   1  n  𝜌 H ( r ᵢ )


  𝜌 _ c ( r )   =   {   0 . 5 r ² ,   i f   | r |   < =   c ;       c | r |   −   0 . 5 c ² ,   i f   | r |   >   c   }


      𝛽  L T S ^   =   a r g   m i n   𝛽     ∑  i   =   1 h  r _ ( i : n ) ²


      𝛽  M M ^   =   a r g   m i n   𝛽     ∑  i   =   1  n  𝜌 ( r ᵢ / s )

